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Muthukumar and Edwards1 have calculated the hy- 
drodynamic screening length f in a semidilute solution of 
rods at  concentrations below the onset of entm~glement.~.~ 
They also derived the reduced viscosity of the suspension. 
Here we give an elementary derivation of f in the spirit 
of Brinkman's approach4 instead of the Freed-Edwards 
t h e ~ r y . ~  Along the way we calculate the translational 
friction coefficient E by applying arguments similar to 
those of Yamakawa and Fujiia but with the use of a 
straightforward variational principle. 

We consider a test rod moving through a relatively dense 
swarm of other rodlike macromolecules. Let us assume 
the suspension may be viewed as a practically unbounded 
porous medium described by a combination of Darcy's law 
and the inertialess Navier-Stokes equation4 

(1) 

where v is the average fluid velocity, qo is the solvent 
viscosity, p the pressure, and f is a screening length. 

7oAv - (70/f2)v = VP 

The fluid is incompressible 

v-v = 0 (2) 
The test rod translates uniformly with velocity U through 
this effective medium. Thus there is a force distribution 
on the macromolecular surface acting on the surrounding 
fluid. Since eq 1 and 2 are linear we can try solving them 
by superposing solutions caused by the action of funda- 
mental singularities (see for instance the polymer litera- 
tureMJ4 but also the work of hydr~dynamicists*'~). First 
of all, we replace the force distribution on the surface of 
the rod by a superposition of stokeslets, and perhaps other 
singularities, distributed along the center line of the rod. 
A point force F6(R) (or "stokeslet") proportional to the 6 
function 6(R) acting on the effective medium at the origin 
induces the velocity field 

v,(R) = Teff(R).F ( 3 )  

with 

(4) 

where h(z) = f2[e*(l + z )  - 11. If 5 - 03, we simply regain 
the usual Oseen tensor. We shall disregard higher order 
source terms, which is a good approximation for the pur- 
pose of this calculation. 

Next, we specify the force distribution f(s) along the 
center line, which is indexed by the distance s from one 
end. In view of eq 3 this leads to a superpostion of velocity 
fields, and it is clear that the total sum of these velocities 
must match as closely as possible to the constant velocity 
U of the polymer surface (if we require a stick boundary 
condition). Higher order source terms would be needed 
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to do the matching exactly. However, it can be argued that 
a smoothing procedure like taking cross-sectional averages 
before matching enables us to accommodate the stick 
boundary condition rather ~ e l l . ~ J  Hence, the force dis- 
tribution is given by 

U = f(Teff(-X 0 + r)),-f(s) ds (5) 

Here X is the vector from some point t on the center line 
to point s, r is the vector from t to some point on the 
surface, the brackets denote a cross-sectional average, and 
L is the length of the rod. 

Keeping in line with the level of approximation adopted, 
we now conveniently preaverage the screened Oseen tensor 
(eq 4). Hence, we have to solve the following integral 
equation: 

(6) x L K ( l t  - sl)$(s) ds = 1 

where 

6~7o$(s)U f(s) (7) 
and 

The radius of the rod is a. In order to derive 5 and E 
explicitly we first need to calculate the force F on the rod 
in terms of f .  By definition the force is given by 

The friction coefficient E ,  which is already orientationally 
averaged because of the preaveraging of F, can be written 
as 

F = ,W (10) 

(11) 

Equations analogous to eq 6 are often solved in the 
Kirkwood-Riseman approximation. However, we only 
need an integral of $ so that it is expedient to use a var- 
iational principle as is nowadays increasingly done (see, 
e.g., ref 15 and 16). The kernel K is symmetric and positive 
definite; a lower bound to E can be found in standard 
t e x W  

L 
E = 6 ~ 7 0 J  $(S) ds 

where 4 s )  is a trial function. A zero-order choice for &), 
one which is in fact quite realistic, is just to set it equal 
to a constant. This immediately yields an expression 
analogous to the one derived without screenings 

When L >> f ,  E reduces to 

0 1986 American Chemical Society 



2074 Macromolecules 1986,19, 2074-2075 

with Bessel function 

which for small z becomes 
z = -In z + In 2 - y + O(z2 In z )  (16) 

Finally we employ Brinkman's reasoning4 to obtain 6. 
In eq 1 the macroscopic flow is dominated by the screening 
term so that the pressure difference Ap on a column of the 
suspension of length 1 and cross-section A is given by 
Darcy's law 

AP/ l  = l l O U O / t 2  (17) 
where uo is the average fluid velocity with respect to the 
rods. Hence, the total force on the particles enclosed in 
volume V = A1 is 

AAP = vtl0uo/t2 (18) 
The total force exerted on the N rods in the same volume 
can also be calculated with the help of eq 10 and 14 

AAp = 3?rq&u,JVKo-'(u /[) (19) 

(20) 
where we have introduced the number density c = N /  V. 
The friction coefficient for a << 6 << L becomes 

Self-consistency demands that 
K ~ ( u  / 4) 5' = 3 ~ c L  

Equation 20 is all but identical to the result of ref 1. The 
slight disparity would disappear if one were to use the same 
short-distance cut-offs. 

Several comments on the validity of these calculations 
are in order. As in ref 1 we have assumed the background 
is a uniform, isotropic medium acting on the probe only 
hydrodynamically and not mechanically. Taking the 
coupling between rods along would modify the numerical 
coefficients in eq 13 and 21. Note that there is some 
numerical evidence3 that rods in semidilute solutions may 
overlap substantially with only minor entanglement. 

Another difficulty is the nature of hydrodynamic 
screening. This seems plausible for a particle diffusing 
through a fixed network, the perturbed fluid being slowed 
down by the network just as it is by walls of a vessel in 
Poiseuille flow.l8J9 The existence of hydrodynamic 
screening for swarms of moving particles is often doubted. 
Brinkman4 simply wrote down eq 1 ad hoc. Freed and 
Edwards5 developed an elaborate though still not rigorous 
theory in which they replaced a complicated tensor de- 
pending on many-particle interactions by an averaged one. 
Finally, Lekkerkerker and Bedeauxm have pointed out that 
the interpretation of eq 1 may be difficult because the 
amount of screening depends on the reference frame since 
eq 1 is not Galilean invariant. This problem does not arise 
here because the noninvariant terms are of the same order 
as those deleted in the slender-body approximation. 

In summary, these calculations could be useful for a rod 
moving through a gel or through a swarm of much longer 
rods (which can be considered fixed on the diffusion time 
scale of the probe rod) as long as mechanical entanglement 
can be assumed negligible. The application to other cases 
(e.g., all rods of equal length) is speculative and probably 
much more approximate. 

Acknowledgment. The author thanks Henk Lekker- 
kerker and Dick Bedeaux for discussions on hydrodynamic 

screening and the Brinkman equation. 

References and Notes 
Muthukumar, M.; Edwards, S.  F .  Macromolecules 1983, 16, 
1475. 
Doi, M. J .  Phys. (Les Ulis, Fr.) 1975, 36, 607. 
Keep, G. T.; Pecora, R. Macromolecules 1985, 18, 1167. 
Brinkman, H. C. Appl. Sci. Res. 1947, A l ,  27. 
Freed, K. F.; Edwards, S. F .  J .  Chem. Phys. 1974, 61, 3626. 
Yamakawa, H.; Fujii, M. Macromolecules 1973, 6, 407. 
Burgers, J .  M .  Second Report on Viscosity and Plasticity of 
the Amsterdam Academy of Sciences; Nordemann: New 
York, 1938. 
Broersma, S. J. Chem. Phys. 1960,32, 1632. 
Taylor, G. Proc. Roy. SOC. London, A 1951, A209, 407. 
Hancock, G. J .  Proc. Roy. SOC. London, A 1953, A217, 96. 
Batchelor, G. K. J .  Fluid Mech. 1970,44, 419. 
Lighthill, J .  SZAM Rev. 1976, 18, 161. 
Lighthill, J .  Mathematical Biofluiddynamics; Society for In- 
dustrial and Applied Mathematics: Philadelphia, 1975. 
Stockmayer, W. H. In Molecular Fluids; Balian, R., Weill, G., 
Eds.; Gordon and Breach London, 1976. 
Fixman, M. J.  Chem. Phys. 1982, 76, 6124. 
Fixman, M .  J .  Chem. Phys. 1983, 78, 1588. 
Chambers, L. G. Integral Equations-A Short Course; Inter- 
national Textbook: East Kilbride, Scotland, 1976; Chapter 5. 
Batchelor, G. K. Annu. Rev. Fluid Mech. 1974, 6, 227. 
Batchelor, G. K. A n  Zntroduction to Fluid Dynamics; Cam- 
bridge University Press: Cambridge, Great Britain, 1967. 
Lekkerkerker, H. N. W.; Bedeaux, D., private communication. 

Comparison of Predicted Rouse-Zimm Dynamics 
with Observations for a 2311 Base Pair DNA 
Fragment 
ROGER J. LEWIS and R. PECORA* 
Department of Chemistry, Stanford university, Stanford, 
California 94305. Received February 10, 1986 

In this work we use estimates of the radius of gyration 
and the translational diffusion constant of a 2311 base pair 
(bp) DNA fragment (1.53 X lo6 molecular weight)' in so- 
lution to calculate the decay times predicted by the 
Rouse-Zimm model2% for a flexible polymer. These cal- 
culations, when combined with previous electric birefrin- 
gence measurements: allow us to determine the degree to 
which the dynamics of this DNA fragment fit the pre- 
dictions of the Rouse-Zimm model. 

Radius of Gyration and Translational Diffusion 
Constant 

Assuming a rise per base pair of 3.36 A5 the contour 
length of the 2311-bp DNA fragment would be 7760 A. We 
will assume that the effects of excluded volume may be 
neglected for a DNA of this length and use a well-known 
formula for the radius of gyration of a wormlike coil6 

where L is the contour length of the molecule and P is the 
persistence length. Many different measurements have 
been made of the persistence length of DNA in both high- 
and low-ionic-strength buffers7+ and the reported values 
show some variation. We will assume the persistence 
length in high-ionic-strength buffer (containing 100 mM 
Na+) to be 500 A. Although we note that there is some 
disagreement in the literature over the effect of ionic 
strength on the persistence length,7-12 we will follow the 
recent work of Cairney and Harrington8 and assume the 
persistence length to be 1000 A in the low-ionic-strength 
buffer used for electric birefringence measurements.* 
Using these values in eq 1, we would predict a radius of 
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